its reliability (which, in the numerical case study considered avoids underestimation with respect to MCM, and the risk of exposing the system to catastrophic consequences in case of piping rupture).
The paper organization is as follows. Section 2 presents the general definition of the Multi-State Physics Model (MSPM) approach, also in consideration of the MCM approach, and the estimation procedure for the transition rates. Section 3 presents the MSPM application to a Pressurized Water Reactor (PWR) piping system. Section 4 contains the conclusions of the work.
2 Multi-State modeling for piping systems degradation
The continuous-time homogeneous Markov Chain Model (MCM)
Under the framework of Multi-State modeling, when the dynamics of component degradation is described by a continuous-time homogeneous Markov Chain Model (MCM), the transitions among a finite number M of discrete states ̅ , ̅ = { 0 , 1 , … , }, are modeled by constant rates , of transition from state i to state j, from which the state probability vector ( ) can be derived at any time instant t, ̅ ( ) = { 0 ( ), 1 ( ), … , ( )} [Li et. al., 2012] .
A general MCM to describe the piping systems degradation mechanisms is illustrated in Figure 1 , where ̅ = { , , , } are the binary states healthy S (i.e., no detectable damage), degraded F and L (i.e., detectable flaw, detectable leak) and rupture R, respectively. The transition rates between states ̅ are denoted as λS, F, λS,L, λS,R, λF,L, λF,R, λL,R, μ and ω. Transitions among states ̅ can occur due to damage mechanisms at the pipe base metal (e.g., flow accelerated corrosion), on welds or in the heat-affected zone near welds (e.g. thermal fatigue), wall thinning, crack propagation, severe loading (e.g., water hammer and overpressure), and their various combinations [Fleming, 2004; Bush et. al., 1996] . State S -healthy, no detectable damage F -detectable flaw L -detectable leak R -rupture Transition Rates λS,F -flaw rate λS,L -leak failure rate given success λF,L -leak failure rate given a flaw μ -repair rate via leak detection λS,R -rupture failure rate given success λF,R -rupture failure rate given flaw λL,R -rupture failure rate given a leak ω -repair via In-Service Inspection (ISI) examinations
λS,L λF,L λ S,R
Under the assumption that all the transition rates are constant, the MCM equations consist of a set of linear differential equations with constant coefficients and the state probability vector ( ) = { ( ), ( ), ( ), ( )} at any time t is determined by solving Eq. (1) (analytically or numerically) [Fleming, 2004] : 
The Multi-State Physics Model (MSPM)
In this work, the MSPM transition rates, , ( , , ) , are assumed to be functions of the influencing factors (i.e., the physical parameters used to model the degradation transition phenomena) and of , (i.e., the holding time of the system in state i, provided that the arrival state will be j). On this premise, the objective of the MSPM framework is to solve for the state probability vector ̅ ( ) = { ( , ), ( , ), ( , ), ( , )} where, differently from the homogeneous MCM of Section 2.1, the transitions among states are described by -anddependent transition rates. To obtain the state probability vector ( , ) at each time t, the differential equations of Eq. (2) below need to be jointly solved:
Notice that the four considered states are mutually exclusive and form a complete set: thus, ( , ) + ( , ) + ( , ) + ( , ) = 1 at any time = 1,2, … , , where is the mission time of the piping system. The calculation of the analytical solution ( , ) of Eq. (2) with -and -dependent transition rates is a difficult (or even impossible in certain cases) task [Li et. al., 2012; Lisnianski et. al., 2008] . To overcome this problem, a MC simulation framework is here proposed.
Monte Carlo estimation of -and -dependent transition rates
The differential equations in Eq. (2) can be written in a general form as
where i= 1, 2, … , M, ( , ) is the total transition rate of departure from state i and
is the conditional probability that, given the transition out of any other state k, the arrival state will be i. ] [Li et. al., 2012] :
, is unknown and, thus, cannot be used directly for calculating ( | ) . Instead, based on the physical knowledge of the degradation mechanisms that determine the transitions among the states, the holding times can be estimated (by simulating the degradation mechanisms times) and, then, the transition rate from state i to another state j can be indirectly determined. In this setting, the transition rates can be expressed as functions of , as:
where , is the holding time in state i, provided that the arrival state will be j, ( , | ) is the reliability of the component at time , , ( , | ) and ( , | ) are the probability density function and cumulative distribution function of the holding time between states i and j, respectively.
The total transition rate of leaving state i towards any arrival state j, j=1,…,M, j≠i at time is, therefore, equal to:
=0 ≠
The total transition rate ( , ), can, thus, be expressed as the convolution of all the transition rates that have determined any possible transition before time t, each with its holding time :
The lifetime t at which the system will be in state * is, therefore, equal to = ∑ =0 .
In the end, the procedure for calculating ( , ) reduces to solving Eq. (6) is sketched in the following pseudo-code.
Initialize the system at time 0 = 0 and healthy state = 1(S). Set the total number of simulations , the mission time and the state visit counters ( ) = 0, = 1,2,3,4.
Let be the time after which the system leaves state . 
System description
The modelling and simulation framework proposed is applied for the evaluation of the probability of rupture due to thermal fatigue of a mixing tee between the hot and cold legs during a Loss of Coolant Accident (LOCA) in the Reactor Cooling System (RCS) of a Pressurized Water Reactor (PWR) [Fleming, 2004; . The MCM model that describes this degradation process is sketched in Figure 2 . The simplification of the model with respect to Figure 1 is based on the assumption that for fatigue damage mechanisms:
 Crack is initiated when the component shows a detectable Flaw (F).
 Crack propagates leading to a Leak (L) in case of circumferential crack that propagates to a through-wall circumferential crack and, then, to Rupture (R), or directly to Rupture (R) in case of fully-circumferential crack.
 The considered piping system is not subject to severe loading conditions: transitions between no damage state (S) to Rupture (R), or Leak (L) are not considered realistic. [Fleming, 2004] The operating conditions of the downstream mixing tee are: pressure of 36 bar, hot leg water temperature at 180°C and cold leg water temperature at 20°C, pipe inner radius in the damage zone equal to = 120 mm and outer radius to = 129 mm [Radu et. al., 2007 b] . The piping material is austenitic stainless steel 304L and the maximum temperature fluctuation (∆ ), due to turbulent mixing or vortices on the inner surface of the pipe is estimated to be 120°C [Radu et. al., 2007 b] .
In what follows, we perform the reliability assessment of the piping system considering -anddependent transition rates on a mission time = 100 years. has been chosen reasonably longer than a typical NPP lifetime of 40 years, to give account to possible life extension. We resort to the MSPM approach introduced in Section 2.2; the results will be compared with the MCM solutions obtained in [Fleming, 2004] for a typical PWR RCS piping system.
Monte Carlo estimation of -and -dependent transition rates

Transition rate , ( , , )
Fig. 3 Circumferential crack onset
The crack onset (i.e., the transition between states Safe (S) and Flaw (F)) on the tee piping component connecting the hot and cold legs of a RCS of a PWR, due to thermal fatigue, can be represented as in Figure 3 and modeled referring to the total equivalent strain rate = , that can be calculated as:
where and are functions of the effective equivalent stress intensity range ∆ . Thus, [Anaclet et. al., 2007] :
where is the Poisson coefficient, (∆ ) can be found by empirical correlation (plotted in Figure 4 ), whereas ∆ is equal to [Radu et. al., 2007 b] :
where ∆ , = , , , are the maximum stress intensities ranges due to radial ( ), axial ( ) and hoop ( ) thermal stresses, respectively. To evaluate the thermal stresses , and , because of the simple geometry the pipe can be represented as a hollow cylinder and it is possible to use the analytical solutions proposed in , in which the piping system is assumed to be subjected to sinusoidal transients of thermal loads ( , 0 ) that well approximate the cold and hot leg mixing phenomenon occurring at the tee piping component.
Therefore, the radial, hoop and axial stresses are :
where r is the radial distance from the center of the pipe, = 2 and 0 are the frequency and amplitude of the temperature sinusoidal wave, respectively, is the thermal diffusivity coefficient, is the thermal expansion coefficient, is the modulus of elasticity. The mathematical relationships for 1 ( , , 0 ) , 2 ( , , 0 ) and the temperature distribution across the wall thickness ( , , 0 ) are given in Appendix 1, with the theoretical details. For a given value of = , the piping system experiences a circumferential crack onset (with initial crack depth and length equal to 1 = 2 = 28 [Varfolomeyev, 2006; Sester et. al., 2000] ), after a number of thermal cycles that is given by the empirical correlation shown in Figure 5 , relating to [Anaclet et. al., 2007] . The state holding time , for a specific set of values of affecting the duration of the crack onset is, thus, calculated from as:
where we consider 365 days per year, 24 hours per day and 3600 seconds per hour. The probability distribution of , is estimated by applying the MC simulation proposed at item (4) of sub-Section 2.2.1, with a number of simulations = 10000. For each one of these trials, is evaluated applying Eqs. (10)- (15) given a sampled batch of values of the parameters (Table 1) : values of are collected and the probability density function ( , | ) and cumulative distribution function ( , | ) can be built (shown in Figures 6 and 7, respectively). By applying Eq. (6) with a time step of one year (∆ = 1), the transition rate , ( , , ) is computed (shown in Figure 8 ). 
Transition rate , ( , , )
The transition between states Flaw (F) (i.e., the onset of a circumferential crack on the inner pipe surface) and Leak (L) (i.e., a through-wall circumferential crack) is determined when the crack propagating in the radial direction, reaches the piping wall dimension = − (shown in Figure   9 ).Thus, the critical value of the characteristic variable (i.e., the crack depth 1 ) is ,1 = = 9 . We assume that the crack growth rate 1 / follows a generalized Paris law equation (17) [Kozin et. al., 1989; Di Maio et. al., 2013] :
where is the number of thermal cycles, and are material coefficients and ∆ is the effective stress intensity factor range, that can be expressed as a function of the maximum stress intensity factor range ∆ and of a parameter ( ) [Radu et al., 2007 b] :
where is the axial stress of Eq. (15) and ∆ ( , 1 ) and ( ) are defined as in Eqs. (19)- (22):
To calculate ( , 1 ), and its maximum ( ( , 1 )) and minimum ( ( , 1 )) , we suppose that:
 the crack propagates radially such that the ratio between crack depth ( 1 ) and crack length ( 2 ) is equal to 1 [Anaclet et. al., 2007] (i.e., when the crack depth reaches the wall thickness dimension, at the inner surface of the pipe, the crack length is equal to the wall thickness ) l  / is small enough to approximate the cylinder to a flat plate, in fact, for / < 0.1 the specific model for circumferential crack propagation in a hollow cylinder cannot be used, and the solution is approximated using the flat plate model.
 the propagation phenomenon is studied at the deepest point of the crack (φ = π/2, see Figure 10 ). The number of cycles ( ) needed to propagate a circumferential through-wall crack, starting from a circumferential crack onset, is given by:
The equation has been solved using a MATLAB solver. The state holding time , for a specific set of affecting the radial propagation of the crack is, thus, calculated from as:
The probability distribution of , is estimated by applying the MC simulation proposed at item (4) of sub-Section 2.2.1, with a number of trials = 10000. For each one of these trials, ∆ ( , 1 ) is evaluated given a sampled batch of values of the parameters (Tables 1, 2) . Thus, the distributions ( , | ) and ( , | ) can be built (shown in Figures 11 and 12 , respectively).
By applying Eq. (6) with a time step of one year (∆ = 1), the transition rate , ( , , ) is computed (shown in Figure 14) . The cumulative distribution function ( , | ) of Figure 12 , describing the (uncertain) timing of the transition between states F and L, reaches a value of 0.10 at , = 100 years, showing that, (hopefully) the laps of time considered is not enough to guarantee that the crack onset propagates radially till a through-wall crack and generates a leakage phenomenon. The transition rate distribution , ( , , ), shown in Figure 13 and describing the variation of the probability of the system to leave states F to enter state L, shows a discontinuity from , (9, ) = 0 to , (10, ) = 0.0016 and a larger value of , around 10 ≤ , ≤ 20 years. This leads us to conclude that the circumferential crack that propagates across the piping wall needs at least 10 years to reach a through-wall circumferential characteristic. Moreover, Figures 11 and 13 show that the estimation of ( , | ) and , ( , , ) provided by the crude MC simulation of Section 2.2.1 is more irregular than ( , | ) and , ( , , ) of Figures 6 and 8. This can be improved by resorting to more efficient MC techniques able to dealing with low probability estimation [Zio et. al., 2011] .
A piping system subjected to thermal fatigue may also break without showing any leakage phenomenon (i.e., the transition between states Flaw (F) and Rupture (R)), This event can be modeled considering two stages:
1. crack propagation along the circumference of the pipe (as shown in Figure 14) , that generates a fully-circumferential crack. This phenomenon can be modelled referring to the crack length ( 2 ), whose threshold value ,2 is equal to 2 = 754 . Figure 15 ); this phenomenon can be modelled referring to the crack depth ( 1 ), whose threshold ,1 value is equal to = 9 . To obtain the crack growth rate / , the same procedure explained in sub-Section 3.2.2 is followed and Eqs. (19)- (22) We suppose that:
radial propagation of the fully-circumferential crack (as shown in
 in the first stage of crack propagation, the crack depth ( 1 = 1 ) is constant and we approximates the hollow cylinder to a flat plate (see sub-section 3.2.2 hypothesis for the evaluation of )
 the propagation phenomenon is studied at the inner surface of the pipes (φ = 0, see Figure   10 ).
Theoretical details are given in Appendix 2. Tables 1 and 2 list the parameters = ( , 0 , , , , , , ) and the distributions used to evaluate ∆ ( , ) and [Chapuliot et. al., 2005] . The number of cycles ( ) needed to propagate a fully-circumferential crack, starting from a circumferential crack onset, is given by:
The probability distribution of , is estimated by applying the MC simulation proposed at item (4) of sub-Section 2.2.1, with a number of trials = 10000. For each one of these trials, ∆ ( , ) are evaluated given a sampled batch of values of the parameters (Tables 1, 2) .
Then, the distributions ( , | ) and ( , | ) can be built (shown in Figures 16 and 17, respectively). By applying Eq. (6) with a time step of one year (∆ = 1), the transition rate , ( , , ) is computed (shown in Figure 18 ). years to leave state F and enter state R with negligible ( , | ) and ( , | )). Again, the discontinuity and the irregularity of the curve representing the transition rate , ( , , ) can be explained as for the estimation of , ( , , ) of Section 3.2.2.
Transition rate , ( , )
The transition between states Leak ( ) (i.e., through-wall crack that presents leakage phenomena) and rupture ( ) (i.e., the pipe is completely broken), shown in Figure 19 , occurs when the crack length ( 2 ) has reached the circumference dimension in the outside surface of the pipe, that is equal to:
,2 = 2 = 819 (27)
Fig. 19 Through-wall circumferential crack propagating along the circumference
Responsible for the crack propagation is the axial stress ( ), given in Eq. (15) [Radu et. al., 2007 b] . To determine the number of thermal cycles after which the system will experience a rupture, the same procedure explained in Section 3.2.2 is followed and Eqs. (19)- (22) are used. The stress intensity factor ( ( , 2 )) is computed by applying the BS 7910 procedure for a through-wall circumferential crack propagating along the pipe circumference . Theoretical details are given in Appendix 2. Tables 1 and 2 list the parameters = ( , 0 , , , , , , ) and their distributions used to evaluate ∆ ( , 2 ) and [Chapuliot et. al., 2005] . The number of cycles ( ) needed to reach , starting from a through-wall crack, is given by:
The initial crack length is considered equal to 2 = 28 . The equation has been solved using a MATLAB solver. The state holding time , for a specific set of affecting the propagation of the crack is, then, calculated from as:
The probability distribution of , is estimated by applying the MC simulation proposed at item (4) of Section 2.2.1, with a number of trials = 10000 . For each one of these trials, ∆ ( , ) is evaluated given a sampled batch of values of the parameters (Tables 1, 2) . Then, the distributions ( , | ) and ( , | ) can be built (shown in Figures 20 and 21, respectively) .
By applying Eq. (6) with a time step of one year (∆ = 1), the transition rate , ( , , ) is computed (shown in Figure 22 ). 
Repair transition rates ω and µ
The repair rates ω and µ are estimated by means of two simple models described as follows [Fleming, 2004] 
= ( + ) = 2 × 10 −2 / components are assumed to have a 25% chance (PI) of being inspected for flaws detection every 10 years (TFI) with a 90% detection probability (PFD); detected Flaws will be repaired in 200
h (TR=200 h/8760 h/ year).
= ( + ) = 7.92 × 10 −1 / the components are assumed to have a 90% chance (PI) of being inspected for leak detection every 1 years (TLI) with a 90% detection probability (PLD); detected Leaks will be repaired in 200
These two transition rates are considered constant and the state transition time will follow an exponential distribution.
State Probability ( )
To evaluate the probability vector solution ( ), the procedure explained in sub-Section 2.2.2 is followed. Figure 23 shows the solution of ( , ) obtained with a MSPM whose transition rates values have been defined in the previous Sections and the solution obtained by solving an MCM as in [Fleming, 2004] , in which the transition rates are considered constant so that the state holding obtained with the MSPM, are larger than ( ) and ( ) obtained by MCM [Fleming, 2004] due to , ( , , ) and , ( , , ) of Figures 13 and 22 . Moreover, it is worth noticing the decreasing trends of the ( , ) and ( , ): those phenomena can be explained looking at the distributions of the transition rates , ( , , ) and , ( , , ) , shown in Figures 13 and 22 , that have decreasing trends as ( , ) and ( , ). This means that once the system enters states F or L, it has a larger probability to leave these states and enter states L or R, respectively, after a short time.
With respect to the transition from state F to R, it can be seen that the distribution of , ( , , ) of Figure 18 influences the ( , ) to be in state R at the very end of its life (90-100 years).
Fig. 23 State probability vector solution. Comparison of MCM and MSPM approaches
Indeed, the estimates provided by MCM (dotted line with diamonds) and MSPM (stars) differ from the early stage of the piping system operation. This is due to the fact that the integration in the MSPM of more physical information (data and models) than in MCM has allowed a more realistic degradation process modeling. As a result, below 15 years the probability of rupture is not credible for MCM (e.g., leading to a relaxation of maintenance/repair efforts, with cost savings when relying on the MSPM results), whereas at larger times the probability of rupture is underestimated by MCM (~1 order of magnitude), with the risk associated to this.
Conclusions
A Multi-State Physics Modeling (MSPM) framework for degradation modeling and failure probability quantification of Nuclear Power Plants piping systems has been developed. 
The approach has been applied to a benchmark problem of a piping system of a Pressurized Water
Reactor undergoing thermal fatigue. The results are compared with a Continuous-time homogeneous Markov Chain Model (MCM).
The transition rates describing the degradation phenomenon in the MSPM have been determined by simulating the degradation (physics) models that describe the different stages of the thermal fatigue degradation process of a piping component and evaluating by Monte Carlo (MC) simulation the time-dependent transition rates between the states of the MSPM.
The comparison of the MCM with the MSPM results shows that with more realistic assumptions and consistent exploitation of the available knowledge (data and models), the latter method gives larger probabilities of occurrence of a leakage/rupture in the piping system, than the MCM. This difference in the estimates can be significant from the risk point of view, as this could be underestimated with all associated consequences. This shows the importance of finding "modeling ways" to include all the knowledge and information available (in the form of data, models, expert judgments, etc.) for an informed-as-possible, faithful-as-possible description of the real degradation and failure mechanism. Finally, another advantage of the MSPM for piping systems failure probability quantification is its applicability to assess the reliability of newly designed NPPs components when lacking of field data.
APPENDIX 1 1 Thermal fatigue Stresses solution
Thermal stresses due to thermal fatigue are dependent on the temperature distribution ( , , 0 , , ) across the wall thickness. For the simple geometry of a pipe that can be represented as a hollow cylinder, analytical solutions for temperature fields and associated elastic thermal stresses , , and distributions for a pipe subject to sinusoidal transient thermal loading, have been developed in .
The one-dimensional heat diffusion equation in cylindrical coordinates and with axisymmetric thermal variations is :
where = ( , ) − 0 and 0 , is the unstrained temperature.
The solution for the temperature distribution during a thermal transient can be written as follows :
where
and are the positive roots of
where ( ) , ( ) are the Bessel functions of first and second kind of order ( ).
The temperature distribution ( , , 0 , , ) has been used to calculate the thermal stress components. The one-dimensional equilibrium equation in the radial direction is a]:
The displacement technique has been used to solve the axisymmetric problems of hollow cylinders.
When all the strains and stresses are only functions of the radial distance r, the strain displacement relations are a]:
where is the radial displacement.
The components of stress in cylindrical coordinates can be expressed as a]:
= 0
substituting equation (38,39) into equation (36), we get:
and the general solution of equation (42) is:
where the constants ′ , ′ , ′ , ′ in Eqs. (38)- (40) are:
The radial, hoop and axial stresses for an hollow cylinder made of an homogeneous isotropic material are :
( , , 0 , , ) = 
where 1 ( , , 0 , , ) and 2 ( , , 0 , , ) are expressed as:
For clarity sake, in Eqs. (13)- (15) has not been reported.
APPENDIX 2 2 BS 7910 procedure for flat plate ( , , , ) solution
In the BS 7910 procedure, the stress intensity factor ( , , 1 , 2 ) is expressed as a function of the stress intensity magnification factor for membrane ( ) and bending ( ) stresses, the finite width factor ( ) and the linearized membrane ( ( 1 )) and bending ( ( 1 ) 
where 1 , 2 , 3 , Φ, 1 , 2 , , are given in the following Eqs. (52)- (58) and Eqs. (59)- (65) 
For the parameters and , we used the simplified values listed in 
where , = 0, 1, 2, 3, 4, are the coefficients of the polynomial stress distribution (MPa), = 1 and the coefficients 0 , 1 , 2 , 3 , 4 , are expressed in Eq. (76)- (80), respectively, [Radu et al., 2007 b] for a fully-circumferential crack, and a ratio / = 13. 
Following the points 1.-4. in Appendix 2 Section 1, the stress intensity factor, function of crack depth, is evaluated.
BS 7910 procedure for a through-wall circumferential crack ( ( / ), ) solution
The stress intensity factor is evaluated considering the following hypothesis:
1. The crack length is evaluated on the outside surface of the pipe.
2. Membrane ( ) and bending ( ) stresses are obtained applying Eqs. (67)- (70) with 1 = 9 .
The stress intensity factor ( ( 2 )) can be expressed as :
where and are expressed as in Table 4 
Following the points 1.-4. in Appendix 2 Section 1, the stress intensity factor, function of crack depth, is evaluated. 
